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Abstract 
The existence of fibrewise embeddings of smooth coverings of n-dimensional manifolds 
in n-dimensional vector bundles is investigated. The exploitation of the normal bordism 
approach to embedding problems enables us to correct errors occurring in the previous 
literature. 
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1. Introduction 
Let M” be a smooth manifold and let r : kn + M” be a smooth covering map. 
By a fibrewise embedding of 7 in a smooth vector bundle p : I/-+ M”, we 
understand a fibrewise map h : it?” -+ V, such that p 0 h = rr, which maps &?” 
diffeomorphically onto its image h(i@) in V. The work by Hansen [4], Duvall and 
Husch [2] implies that this is always possible if V is a real plane bundle of 
dimension greater than IZ. But the Borsuk-Ulam Theorem shows that the standard 
double covering rr : S” -+ RP” cannot be embedded in the trivial n-plane bundle 
over [WY. Attempts to investigate the n-dimensional case may be found in [2,3]. 
The purpose of this paper is to prove the following sufficient condition for the 
existence of such embeddings. 
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Theorem 1.1. Suppose that f : 2” --f M” is a finite regular covering of a smooth 
closed manifold, n 3 3, and suppose that p : N + M is a smooth R”-bundle 5 which 
possesses a nonzero cross-section and has the property that w,( f * 5) = w ,<A?>, where 
w1 is the first Stiefel-Whitney class. Identify M with the zero section of 5. Suppose, in 
addition, that one of the following is true: 
(9 ~l(M)/f*~l(& h as no element of order two; 
(ii) f is an r-fold covering where r is odd; 
(iii) n is even and wl(() = w,(M); 
(iv) n is odd, f is a double covering and wl([> # w,(M). 
Then there is an embedding g : i6i -+ N which is fibrewise homotopic to the 
composition A? $ A4 c N. 
The statement of this theorem is analogous to that of Theorem 3.4 of [3]. The 
example at the end of Section 4 of the present paper shows that 3.4.1 of [3] is not 
in general true while the example at the end of Section 3 shows that our condition 
that wl(f *(> = w&F?> is essential for 3.4.2 of [3] in general. Furthermore, our 
results (iii) and (iv> contain 3.4.3 and 3.4.4 of [3]. 
The theorem is proved by the calculation of the normal bordism group of an 
elaborate space pair specially constructed for the embedding obstructions in the 
metastable range. The general strategy of such an approach can be found in 
[6,7,10] where the original work by Dax [l] and Salomonsen [9] is reorganised and 
simplified for the purpose of computations. The outline of such an approach is, 
however, briefly described in Section 2 without proof. In Section 3 we show that 
the question of whether a self-transversal immersion is homotopic to an embed- 
ding depends only on the number of pairs of its double points. 
Embedding covering spaces in fibre bundles plays a role in many interesting 
problems in various fields of mathematics. The related literature may be traced 
from the references of [5]. 
I wish to express my thanks to the Mathematical Institute in Oxford where this 
paper was written on a visit, and to Prof. I.M. James whose help in both 
mathematics and English has been enormous ever since I was his research student. 
2. Embeddings and normal bordism 
Let f:M”+N”+k be a map, where n G 2k - 3. Define 0, as {(x, y, a) I f(x) 
= a(- 11, f(Y) = a(l)], a subspace of the product A4 X M X N’, where J = [ - 1, 11. 
There is an involution T :(x, y, ~1 e (y, x, a-‘> on a,, where a-‘(t) = d-t>. 
The involution T’ : fig x S" + LIR, x S" is defined by (x, y, a; s> H (y, X, a-‘; -s>, 
where -s is the antipodal point of s in Sm. We denote by Kf the quotient space of 
fl, x S” by the free Z,-action associated to the involution T’. Note that M X P” 
can be embedded naturally in Kf as a subspace, where P” = RP”. Also note that 
Kt and K, have the same homotopy type if f = g. 
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The group r,(M) X rr,(M) operates on r,(N) as a set in the way c -)f*(a-‘>. 
c .f,(b), where (a, b) E r,(M) X rr,(Ml and c E r,(N). We denote by A the set 
of orbits of this operation and define an equivalence relation on A by (c) N (c-i). 
It follows from the definition that A is one-one correspondent o the set of path 
components of 0, and [Al, the set of equivalence classes on A, corresponds to 
the set of path components of Kf. 
Define the virtual bundle C#J =C#J + - C#J _ over Kf as S *EP(TM) - F *(TN 6 A) @ 
E~-~, in which TM is the tangent bundle of M, A is the canonical line bundle over 
P”, EP(M) and EP(rM) are quotient spaces (M x M x Sm)/zZ and (TM x rM x 
S”)/Z, respectively, defined by involutions of the form (x, y, s) e (y, x, --s), and 
4, ? are defined respectively by the commutative diagrams 
RfXS” = MxMxS” 
P I 
Kf 
4 
w EP(M) 
n,xsm 3 NxS” 
(1) 
(4 
where 4x, y, cr> = a(O). 
Suppose that g : M” + Nnfk is a generic map. The union A’ LI 2 of the double 
point set A’ and the singular point set Z forms an (n - k)-dimensional submani- 
fold of M. The free involution f naturally defined on A’ may be extended to 
A = A’ LI l&f with 2 as the fixed point set. Then x =f(A) is an (n - k)-dimensional 
submanifold of U with boundary az = g(2). We have the following commutative 
diagram 
A’ 2 S” (3) 
- v 
A - &I’) LPm 
where 7 is a homotopy equivalence, ij5 is a classifying map of the double covering 
g: A’ + g(A’) and q is a Z,-equivariant map over (p. Then the correspondence 
x M (x, %1, cgcx,; cp(xl) defines a Z,-equivariant map A’ --) L&X s”. There is an 
induced map g(A’) --f K, which clearly extends to a map 6g : (A, aA) -+ (K,, M x 
Pm). The map 6g determines a stable isomorphism in the sense of [8], 
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Now the triple (2, 6g, s) defines a bordism class E(g) E flnn_k(Kf, M X P”; $1. 
One of the results of Salomonsen’s investigation 191 is interpreted in [6] as follows. 
Theorem 2.1. Let g : M” + Nnfk be a generic map, where n < 2k - 3. Then g is 
homotopic to an embedding if and only if e(g) = 0. 
If n = k and n < 3, we need only to calculate flno(Kf, M X P”; c$>, which is 
isomorphic to H,(Kf, M X P”; Z,>. Then 
Proposition 2.2. L&,(K,, M x P”; 4) = (@,,$I @ (cB~,~~.~I,), where [Al, + [Al2 = 
[Al - tc1>1, 4 IS orientable on the path component [(c)l E [A], and nonorientable 
on the path component [(c)l E [A&. 
3. Obstructions in n,,<K,, M X Pm; 4) 
In this section we confine our investigation to the case where g : M” + N2” is a 
generic map and n 2 3. First observe that a generic map g : M” -+ N2” is simply a 
self-transversal immersion with only finitely many pairs of double points as the set 
of singular points. Denote the double points by xi and xi, i = 1,. . . , m. Then the 
obstruction is E(g) = Cy!r ei = CL,{ *, 6gi, 6g,], where * is a point as O-dimen- 
sional manifold, 6g, : * + K, is a map with image the point (xi, xi, agCx,,; cp’(x,)) 
and 6g, : (6g) *c$++ (6g) *+ _ is the isomorphism of vector space defined by 
sgi(u, U) = rg(u) - rg(u) for (u, U) E Gx, @ kx,. We say that (xi, xi] and {xi, xi] 
or .si and &j correspond to the same path component of K, if (xi, xi, agCxi,; cp’(x,)) 
and (xj, xJ, agCxjj; cp’(xj)) lie in the same component. 
Proposition 3.1. If N has a nonzero vector field, 2ei = 0 for each i = 1,. . . , m. In 
this case the generic map g is homotopic to an embedding if and only if the number of 
pairs of double points of g corresponding to each path component of K, is even. 
Proof. First recall from [S] the definition of bordism classes. In our case now, 
2q = 0 is equivalent to that 
(i) there is a path G : Z + K,; 
(ii) fix an isomorphism 1: .cl -+ ~1 I(o,J) of 
- id; 
(iii> there is a stable isomorphism ??: 8’ 
following diagram of stable isomorphisms is 
&1 @I G*q5, 
c 
- ~Z@G*C#_ 
id X id 
I I 
txid 
trivial bundles so that I-’ I 10) 0 l](r) = 
@G*&+-+TZ@G*+_ such that the 
commutative over (0, 11: 
(4) 
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This can be realized because TN z c1 @ 5 and then G *4 _ z &1 @ 77 so that the 
class of the stable isomorphism can be reversed by changing the sign of the 
projection onto the trivial factor. Thus if the above diagram is considered as the 
one over {OI, the diagram over (1) may be demonstrated as 
E%G*~+ 
(-lx-lxl)~G 
’ 7Z@&l@?J (5) 
idxid 
T 
-IXidxid 
Similarly we prove in the general case that if ci and zj correspond to the same 
path component of K,, then either .si = sj or Ed + &j = 0. 0 
Remark. An argument based on an exact sequence of Thorn-Gysin type [Sl shows 
that 2”-k-‘&(g) = 0 for a generic map g : M” -+ N”+k if N has an R1 factor [9]. 
Example. Let both M and iI? be S1 x S3 and let f : i’t? + it4 be v X id, where 
r : S’ -+ S’ = RP’ is the projection of the standard principal Z,-bundle. Take N as 
A x dS3), where A denotes the canonical line bundle over IRP’. Clearly 
~,(M)/f,~,(Z& = Z,, but wl(f *t> f w,<&?> since r *A % A. Then Kf has only 
two path components and 0,&K,, M x P”; 4) = Z,. One can construct an immer- 
sion g : A? + N, homotopic to the composition II?LM c N, with only one pair of 
double points and thus be convinced by Proposition 3.1 that k does not embed in 
N. 
First there is a fibrewise immersion h : S’ + E(A), the infinite Mobius band, 
with only one pair of double points {a, a’}, which may be illustrated as follows. 
(6) 
Present u E S3 by the standard coordinates (xl, x2, x3, x4) in R4. Define 
g : S' X S3 + E(A) X (S3 X R3) by pr, 0 g(u, v) = h(u) and pr, 0 g(u, U) = (u, r(u, 
x1, x,)1, where the gluing map r smoothly moves the standard solid torus S’ x 0’ 
in R3 towards the origin so that only the points (a, (1, 0)) and (a’, (1, 0)) are 
identified. The map g is clearly smooth, fibre-preserving and there is only one pair 
of double points {(a, (1, 0, 0, O>>, (a’, (1, 0, 0, 0))). 
The homotopy between the composition I@LM c N and g may be constructed 
as follows. One has a homotopy H : S' x S3 x Z *E(A) X R3 such that ZZ,,(u, v, t) 
= (f(u), (0, 0, 0)) and H,(u, U, t> = (h(u), (0, 0, 0)) because any two knots are 
homotopic in E(A) x R3. We also have a homotopy H’ : S1 x S3 x Z + lR3 such that 
H$u, u, t) = (0, 0, 0) and H;(u, u, t) = pr, 0 g(u, u>. Then the required homotopy 
H: S’ X S3 X Z + E(A) X R3 maps (u, U, t) to (pr, 0 H(u, u, t), v, pr, 0 H(u, u, t) 
+ H’b, u, t>). 
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4. Proof of Theorem 1.1 
In this section we return to the assumption of Theorem 1.1 in the Introduction. 
We observe that (x, y, a; s) e (x, y, p 0 a; s> defines a Z,-equivariant homotopy 
equivalence Oi of x S” + n, X S” with 8 :(x, y, T; s> ++ (x, y, i 0 7; s) as its homo- 
topy inverse. Therefore we have a homotopy equivalence 6 : Kf - Ki of which 
induces an isomorphism 
e, :fla(&, n;rxP; e*~+-e*~-) -*~~[Ki~f, ~xP”; ~+-~_), 
where I? * 4 + = 4 * EP(T&?) since the projection Oi o f X S” --f $ X k X S” factors 
through the equivariant map On, x S” + G x &? X S”, and e*4+= r * o(i X id) * (TN 
6h)=:*((M@3[)6h). 
To calculate O,(K,, I@X P”; 8*4+-6*&j, we need only examine the ori- 
entability of 1?*4+- 8 *+ _ over each path component [(c)l of K,, where c E 
r,(M, f(x’J), c # 1, is represented by a loop y at f(&). 
Let dq : TJQ) + Z, be the orientation homomorphism for a manifold Q and a 
vector bundle n over Q. We write (- 1) V(a) for simplicity, instead of (- l)dq(a), for 
each a E ri(Q). If n is the tangent bundle’ of Q, it is further simplified as ( - 1)“. 
We shall convert our investigation into constructing two numeral functions in 
t-1, I]. 
For a loop in [(c)l which can be lifted to a loop in the covering space fl,_X S”, 
the problem is equivalent to the orientability of the pull-back of S*$J +- 13 *+_ 
along the lifting. Let a, b E r,<k, x’,) be loops represented by cr, p respectively 
which satisfy the relation f* (a-i) * c -f*(b) = c; in other words given a loop r in 
0, at (Z,, Z,, y). Since the relation f*(a-‘) . c .f,(b) = c determines a homotopy 
from the loop y-l *(f 0 cw)* y to the loop f 0 p rel. f(iF,), it follows from the 
Covering Homotopy Theorem that there is a loop b at ZO which lifts f 0 p and is 
homotopic to the loop 7-l * (Y * 7 rel. ib, where q is the unique lifting of y with 
T( - 1) = ?iO and T(1) = x’b. We have ( - 1)” = (- 1)(+-l* oI * ?) = ( - l)(b). Because 
f : k--f A4 is a local diffeomorphism and rf is an isomorphism on each fibre, 
f *(TM) z 7k. It follows that (- l)b = (- l)(f’P) = (- l)@), and then (- 1)” = 
(- l)b, since the change of orientation of rA4 along a loop in M is the same as of 
f *(TM) along any lifting of it. 
For $*+_, similarly, we need only consider the orientation of TM CB 5 along the 
loop r 0 r-f 0 (Y in M. Since f.Jrr,(&?)) is normal in n-,(M), there always exists a 
b E TJA?) for each a E r,(G) such that f.+.(a-‘) .c -f,(b) = c. Thus we summa- 
rize that the nonorientability of e * 4 + - 8 * 4 _ over [(c)] along loops which can be 
lifted as loops is characterized by the function (c, a) * ( - l)f*(“)( - 1)5(f*(a)). 
Now consider the loops in [(c)l whose liftings in 0, X S” are no longer loops. 
Such a loop can be determined by the relation f*(u-‘) . c *f,(b) = c-l. A similar 
argument shows that (- lY( - 1)’ = 1 as well. But the orientations of the restric- 
tions of the pull-back of the bundle ok X 7h;j X S” over (i,, ,?a, so) and 
(&, 20, --~a) differ by a sign which is determined by exchanging the two direct 
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summands, while those of the pull-backs from (TM @ 5) 6 A’ over (Z,, iO, sO) and 
(&, i”, -so) differ by a sign which is determined by multiplication with - 1 on 
each factor. Thus we obtain a function (c, a) * (- l)f*‘“‘( - l)‘(- 1)5(f*(a)) 
(- l)c(‘)( - l)nX”( - 1)2” = (- I)“( - l)f*(“)( - I)“( - l)S(f*(a))( - I)c(“), which charac- 
terizes the nonorientability. 
For cases (iii) and (iv) of Theorem 1.1 we observe that the images of both 
nonorientability functions are 1 so that the normal bordism group is free Abelian. 
Note that (c) is the only nontrivial element of r,(M)/f,rr(M) if f is a double 
covering. 
Clearly (i) and (ii) are equivalent since r is odd if and only if I T~(M)/~*T,(~?) I 
is odd if and only if, by Lagrange’s Theorem, r,(M)/f,rr(& has no element of 
order 2. Suppose that i 0 f is not homotopic to any embedding, then there is 
c err, such that fl,<fl,X Sm> G Z,. If 0,~ S” over [(c)l is nontrivial, then 
(c) = (c-l); otherwise every loop in [(c)l lifts to a loop. This implies that 
(- l)f*W( - I)W*W = - 1, which contradicts the assumption wr(f “5) = w,(R) = 
f * w,bw. 
Example.LetbothMand~beS’XIWP4andletf:~~Mbe~xid,where~: 
S’ + S’ = RP’ is the standard double covering. Denote by 19 the associated line 
bundle to this double covering. Take N= r(M) as the tangent bundle of M. 
Clearly 57,04)/f *r,(G) = Z, and there is no element of order 2 in rrr(M) - 
f*rl(b?). But 8 is not isomorphic to a line sub-bundle of r(M) because w,(B @ 
r(M)) = w,(0) U w,(M) = pr;(w,(h)) U pr;(w4(RP4)) = w,(h) X w4(RP4) Z 0, 
where A denotes the canonical line bundle over RP’. 
This example shows that the condition “no element of order 2 in x,(M) - 
f * I,” is not sufficient for the existence of an embedding. 
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